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AIBBREVIATIONS AND CONVERSION FACTORS 

For  t h e  use  of r e a d e r s  who p r e f e r  t o  use  inch-pound u n i t s ,  convers ion  

f a c t o r s  f o r  m e t r i c  terms used i n  t h i s  r e p o r t  a r e  l i s t e d  below: 

M u l t i p l v  m e t r i c  u n i t  h To o b t a i n  inch-pound u n i t  

m i l l i m e t e r  (mm) 
Lenp t h  
0.03937 inch ( i n . )  

meter  (m) 3.281 f o o t  ( f t )  

l i t e r  ( L )  

m e t e r  p e r  second ( m / s 9  

gram ( g )  

Volume 
0.2642 g a l l o n  ( g a l )  

Speed 
3.281 f o o t  p e r  second ( f t l s )  

Mass - 
0.002205 pound ( l b )  

k i logram ( k g )  2.205 pound ( l b )  

Newton ( N )  
Force 
0.2248 pound ( l b )  

Temperature 
Temperature  i n  degrees  F a h r e n h e i t  ( O  F) c a n  be conver ted  t o  degrees  C e l s i u s  
( O  C) a s  fo l lows :  

O F = 1.8' C +- 32  

gram p e r  cub ic  
3  c e n t i m e t e r  (g/cm ) 

k i l o p a s c a l  (kPa) 

D e n s i t v  
0.03613 pound p e r  cub ic  

inch  ( l b /  in3  ) 

P r e s s u r e  
0.1450 pound p e r  square  

inch  ( l b / i n 2 )  
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An e x p e r i m e n t a l  gage f o r  measur ing sediment  c o n c e n t r a t i o n s  i n  f l o w i n g  

w a t e r  was des igned and then  t e s t e d  under l a b o r a t o r y  c o n d i t i o n s .  The gage 

c o n s i s t s  o f  a  s t e e l  t u b e  g i r d l e d  a t  b o t h  ends by ring-shaped weldments t h a t  

j o i n  w i t h  a  wa te rproof  housing.  The o u t s i d e  of t h e  tube  i s  s h i e l d e d  by t h e  

housing b u t  t h e  i n s i d e  of t h e  tube  can be f i l l e d  w i t h  s l u r r i e s  of f lowing ,  

sadi tneat - laden water .  E l e s t r a m a g ~ a e t s  i n s i d e  t h e  housing cause  t h e  tube,  

w a t e r ,  and sediment  t o  o s c i l l a t e  l i k e  a  v i b r a t i n g  v i o l i n  s t r i n g .  

The measurement p r i n c i p l e  i s  based on t h e  r e l a t i o n  between v i b r a t i o n a l  

f requency  and c o n c e n t r a t i o n  o f  sediment  i n  t h e  s l u r r y .  As c o n c e n t r a t i o n  

i n c r e a s e s ,  t h e  s l u r r y  becomes d e n s e r  and t h e  tube  v i b r a t e s  a t  a  lower  

f requency.  A measurement i s  made by read ing  t h e  f requency and t h e n  u s i n g  a  

c a l i b r a t i o n  c h a r t  t o  c o n v e r t  f requency  t o  c o n c e n t r a t i o n .  

T e s t s  show t h e  e x p e r i m e n t a l  gage has  two u n d e s i r a b l e  c h a r a c t e r i s t i c s :  

f requency  i s  s t r o n g l y  i n f l u e n c e d  by w a t e r  t empera tu re ,  and f requency  s l o w l y  

s h i f t s  o v e r  t ime.  C o r r e c t i n g  t h e s e  problems w i l l  r e q u i r e  r e d e s i g n  based on 

q u a n t i t a t i v e  assessments  of f a c t o r s  c o n t r o l l i n g  t h e  gage's  response.  To a i d  

d e s i g n  work, t h e  paper  p r e s e n t s  e q u a t i o n s  t h a t  r e l a t e  f requency t o  (a )  w a t e r  



d e n s i t y ,  (b) sediment  d e n s i t y ,  ( c )  sediment  c o n c e n t r a t i o n ,  and (dl proper-  

t i e s  of t h e  tube  i t s e l f .  These p r o p e r t i e s  i n c l u d e  thermal-expansion coef-  

f i c i e n t ,  e l a s t i c i t y ,  tube d i a m e t e r ,  tube l e n g t h ,  and t e n s i o n  f o r c e s  i n  t h e  

m e t a l  w a l l s .  T h e o r e t i c a l  r e s u l t s  i n d i c a t e  t h e  t e n s i v e  f o r c e s  a r e  o f fend ing  

f a c t o r s  t h a t  produce t e m p e r a t u r e  i n s t a b i l i t i e s  and d r i f t  problems. Tbe 

f o r c e s  p robab ly  evolved d u r i n g  t h e  p r o c e s s  of a r c  we ld ing  t h e  t u b e  and 

housing t o g e t h e r .  

INgROBUCTPON 

F l u v i a l  sediment  can a d v e r s e l y  a f f e c t  waterways,  Bakes, and e s t u a r i e s .  

S o i l  p a r t i c l e s  d i s l o d g e d  by r a i n ,  f l o w i n g  w a t e r ,  and l a n d s l i d e s  may damage 

fish-spawning a r e a s ,  f i l l  n a v i g a t i o n  channe l s ,  and reduce s t o r a g e  space i n  

r e s e r v o i r s .  On t h e  o t h e r  hand, sediment  i s  b e n e f i c i a l  i n  c e r t a i n  i n s t a n c e s .  

Ocean beaches  a r e  c r e a t e d  and r e p l e n i s h e d  by sediment  from nearby  e s t u a r i e s .  

I f  sediment  s u p p l i e s  a r e  d i s r u p t e d ,  wave a c t i o n  e r o d e s  t h e  beaches  and 

exposes under ly ing  s t r a t a  of s o i l  o r  rock. 

Sediment s t u d i e s  r e q u i r e  f i e l d  d a t a  which a r e  d i f f i c u l t  and expensive  

t o  c o l l e c t .  Techn ic ians  must t r a v e l  t o  sampl ing s i t e s ,  c o l l e c t  w a t e r  

specimens,  then  s h i p  t h e  specimens t o  l a b o r a t o r i e s  where sed iment  

c o n c e n t r a t i o n s  can be determined.  S e v e r a l  months may p a s s  b e f o r e  t h e  

l a b o r a t o r y  d a t a  a r e  a v a i l a b l e  f o r  e n g i n e e r i n g  a n a l y s i s .  

One way of s i m p l i f y i n g  and speeding t h e  d a t a - c o l l e c t i o n  p r o c e s s e s  i s  t o  

i n s t a l l  e l e c t r o n i c  sed iment -concen t ra t ion  gages  a t  moni to r ing  s i t e s  and l i n k  

t h e  gages  t o  a  c e n t r a l  o f f i c e  by means of r a d i o  o r  te lephone.  An 

e x p e r i m e n t a l  gage of t h i s  type  was t e s t e d  a t  a  f i e l d  s i t e  n e a r  Madison, 



Wisconsin  (Skinner  e t  a l . ,  1986). The i n s t r u m e n t  c o n s i s t e d  of a  tube  t h a t  

o s c i l l a t e d  a t  f r e q u e n c i e s  de te rmined  by t h e  c o n c e n t r a t i o n  of sed iment  i n  t h e  

r i v e r  water .  P r e l i m i n a r y  t e s t s  showed t h e  gage met r e q u i r e m e n t s  f o r  speed 

and accuracy ;  however, t h e  shape of t h e  v i b r a t i n g  tube  c r e a t e d  c e r t a i n  

problems.  Because t h e  t u b e  was b e n t  i n t o  a  'b" shape w i t h  b o t h  ends f a c i n g  

t h e  same d i r e c t i o n ,  t h e  gage was u n s u i t a b l e  f o r  underwate r  a p p l i c a t i o n s .  

Mater would n o t  f low through t h e  tube  i f  i t  was submerged. To overcome t h i s  

problem, t h e  gage was mounted above w a t e r  and connected t o  a  submerged 

sampling pump. A t  Madison, pumping so lved  t h e  problem of supp ly ing  w a t e r  t o  

t h e  v i b r a t i n g  U-tube gage; however a t  many o t h e r  s i t e s ,  pumping i s  

imposs ib le  because  e l e c t r i c i t y  i s  n o t  a v a i l a b l e .  

Pumps c r e a t e  a n o t h e r  problem r e l a t e d  t o  t h e  f i x e d  i n t a k e s .  Concen- 

t r a t i o n s  of suspended sediment  v a r y  from p o i n t  t o  p o i n t  i n  a  r i v e r "  c r o s s  

s e c t i o n .  For  example, c o n c e n t r a t i o n s  n e a r  t h e  bed of a  r i v e r  g e n e r a l l y  

exceed c o n c e n t r a t i o n s  n e a r  t h e  w a t e r  s u r f a c e ,  Data on c o n c e n t r a t i o n  

g r a d i e n t s  a r e  i m p o r t a n t ;  however, t h i s  i n f o r m a t i o n  i s  n o t  r e g i s t e r e d  by a  

U-tube which must sample from a  f i x e d  p o i n t .  The ,sampling pump, a long w i t h  

i t s  i n t a k e ,  e l e c t r i c  cord,  and tub ing  a r e  t o o  cumbersome t o  move around i n  

t h e  c r o s s  s e c t i o n .  

Another sampl ing problem s t e m s  from opposing r e q u i r e m e n t s  f o r  pumping 

r a t e s .  To minimize  frequency-measurement e r r o r s ,  pumping r a t e s  must be 

s t a b l e ;  however, t o  minimize  sediment  sampl ing e r r o r s ,  pumping r a t e s  must be  

c o n s t a n t l y  a d j u s t e d  t o  match f l o w - v e l o c i t i e s  a t  t h e  i n t a k e .  

S t r i v i n g  t o  overcome d i s a d v a n t a g e s  of t h e  U-shaped tube ,  p e r s o n n e l  a t  

t h e  Sed imenta t ion  P r o j e c t  b u i l t  an exper imenta l  sediment  gage t h a t  c o n t a i n s  



a  s t r a i g h t  v i b r a t i n g  tube. T h i s  new i n s t r u m e n t  can be submerged and moved 

i n  a  c r o s s  s e c t i o n  t o  map c o n c e n t r a t i o n  g r a d i e n t s .  Because t h e  tube i s  open 

a t  b o t h  ends, f low r a t e s  approaching t h e  tube  a r e  o n l y  s l i g h t l y  g r e a t e r  than  

flow r a t e s  i n s i d e  t h e  tube .  However, l a b o r a t o r y  t e s t s  r e v e a l e d  two problems. 

Frequenc ies  s l o w l y  s h i f t  w i t h  t h e  passage  of t i m e  and f r e q u e n c i e s  a r e  

s t r o n g l y  i n f l u e n c e d  by w a t e r  t empera tu re .  

Purpose and Scope 

The purpose of t h i s  s t u d y  i s  t o  d e r i v e  e q u a t i o n s  f o r  des ign ing  an 

improved v e r s i o n  of t h e  s t r a i g h t - - t u b e  sediment  gage.  The scope of t h i s  

s tudy  i s  l i m i t e d  t o  ana lyz ing  n a t u r a l  f r e q u e n c i e s  of a t u b e  w i t h  i t s  ends 

r i g i d l y  clamped t o  immovable suppor t s .  

Terminology 

E x t e r n a l  f o r c e s  p l a y  an impor tan t  r o l e  i n  s e t t i n g  a  tube 's  v i b r a t i o n a l  

f requenc ies .  Consider  a s l e n d e r  tube mounted h o r i z o n t a l l y  w i t h  i t s  ends 

clamped t o  s t a t i o n a r y  suppor t s .  Any e x t e r n a l  f o r c e  t h a t  a l t e r n a t e l y  pushes  

down and p u l l s  up on t h e  tube  c a u s e s  i t  t o  v i b r a t e .  Fur thermore,  t h e  

f requency of v i b r a t i o n  matches  t h e  f requency  of t h e  e x t e r n a l  fo rce .  T h i s  

type of mot ion i s  termed forced v ibrat ion .  

I f  e x t e r n a l  f o r c e s  a r e  absen t ,  a  t u b e  can s t i l l  be made t o  v i b r a t e .  

To i n i t i a t e  v i b r a t i o n ,  t h e  tube  must be  pushed away from i t s  r e s t  p o s i t i o n  

and t h e n  r e l e a s e d  suddenly.  S t r i k i n g  t h e  tube  a  s h a r p  blow p r o v i d e s  t h e  

r e q u i r e d  s t i m u l u s  and s t a r t s  a  form of mot ion termed f r ee  v ibra t ion .  Motion 

occurs  on ly  a t  c e r t a i n  naturaZ f r e q u e n c i e s  s e t  by t h e  t u b e ' s  shape,  s i z e ,  



mass, l e n g t h ,  and r i g i d i t y .  A p e r f e c t l y - e l a s t i c  t u b e  v i b r a t i n g  i n  a  vacuum 

can  bend and r e l a x  w i t h o u t  l o s i n g  energy s o  t h e  mot ion  c o n t i n u e s  f o r e v e r .  

The term damping r e f e r s  t o  t h e  p r o c e s s  of removing energy from a  

v i b r a t i n g  tube.  I n  most  t u b e s ,  k i n e t i c  energy i s  t r a n s f o r m e d  t o  h e a t  th rough  

t h e  a c t i o n  of  f r i c t i o n  f o r c e s .  Some f r i c t i o n  o c c u r s  w i t h i n  t h e  tube 's  

w a l l s :  t h e  remainder  o c c u r s  o u t s i d e  t h e  tube  a s  a i r  s h i f t s  back and f o r t h  

around t h e  moving tube  s u r f a c e .  

A v i b r a t i n g  tube  a l t e r n a t e l y  bends and s t r a i g h t e n s  a s  i t  s h i f t s  th rough  

eacb v i b r a t i o n a l  cyc le .  A c y c l e  b e g i n s  w i t h  t h e  tube  a rched  i n t o  one of i t s  

modal shapes.  From t h i s  s t a r t i n g  p o i n t ,  t h e  tube  makes a  s e r i e s  of moves. 

A f t e r  s t r a i g h t e n i n g ,  t h e  t u b e  bends i n t o  a  m i r r o r  image of  i t s  modal shape.  

The tube  t h e n  s t r a i g h t e n s  a g a i n  and f i n a l l y  c o m p l e t e s  t h e  c y c l e  by r e t u r n i n g  

t o  i t s  o r i g i n a l  shape. 

A tube  can v i b r a t e  i n  many modes. F i g u r e  l a  shows t h e  f i r s t  mode a s  

t h r e e  s e t s  of l i n e s  r e p r e s e n t i n g  s n a p s h o t s  of t h e  t u b e  a s  i t  s h i f t s  th rough  

a  cyc le .  As t h e  tube  o s c i l l a t e s ,  a l l  p o i n t s  a long i t s  a x i s  move down 

t o g e t h e r  and then  move up t o g e t h e r .  I n  common p a r l a n c e ,  we s a y  t h e  p o i n t s  

move i n  phase w i t h  one ano the r .  

The second modal shape i s  shown i n  f i g u r e  l b .  The tube  v i b r a t e s  i n  two 

segments:  one segment i s  l e f t  of t h e  midpo in t  and t h e  o t h e r  segment i s  t o  

t h e  r i g h t .  The opposing a r r o w s  show t h e  phase  r e l a t i o n  between two 

segments.  During t h e  f i r s t  h a l f  c y c l e ,  t h e  l e f t  segment s h i f t s  down w h i l e  

t h e  r i g h t  segment s h i f t s  up. During t h e  l a s t  h a l f  c y c l e ,  t h e  l e f t  segment 

s h i f t s  up w h i l e  t h e  r i g h t  segment s h i f t s  down. I n  common p a r l a n c e ,  we say 

t h e  segments move i n  phase oppos i t ion  w i t h  one a n o t h e r .  



F i g u r e  1.--Yodal s h a p e s  f o r  a t u b e  c l a m ~ e d  a t  b o t h  e n d s .  (a) F i r s t  

moda l  s h a p e .  ( b )  Second  modal  s h a n e .  ( c )  T h i r d  modal  s h a n e .  



The t h i r d  modal shape i s  shown i n  f i g u r e  l c .  The t u b e  v i b r a t e s  i n  

t h r e e  segments. Adjacent  segments move i n  phase  o p p o s i t i o n  w i t h  one 

a n o t h e r .  

I n  t h e o r y  a tube  h a s  an i n f i n i t e  number of modal shapes;  however, i n  

d i s c u s s i o n s  t h a t  f o l l o w ,  we w i l l  f o c u s  on t h e  f i r s t ,  second, and t h i r d  modes. 

THEORY OF VIBRATING TUBES 

In t h i s  s e c t i o n ,  we f o r m u l a t e  e q u a t i o n s  d e s c r i b i n g  t h e  movement of 

v i b r a t i n g ,  l i q u i d - f i l l e d  tubes .  The f i r s t  two top ics - -equa t ions  of mot ion  

and a u x i z i a r y - e q u a t i o n  roots- -cover  g e n e r a l  c a s e s :  no r e s t r i c t i o n s  a r e  

imposed on t h e  tube ' s  end suppor t s .  The n e x t  t h r e e  topics--boundary 

c o n d i t i o n s ,  t e n s i o n - e q u a t i o n  r o o t s ,  and spec iaZ  s o Z u t i o n s  of t h e  t e n s i o n  

equation--are more r e s t r i c t i v e :  on ly  t u b e s  having r i g i d  end s u p p o r t s  a r e  

c o n s i d e r e d .  

Equa t ions  of Motion 

F i g u r e  2a shows a  t u b e  mounted between two f i x e d  s u p p o r t s  t h a t  e n c i r c l e  

t h e  tube  l i k e  s n u g - f i t t i n g  c o l l a r s .  These s u p p o r t s  ( a )  p r e v e n t  t h e  tube 's  

ends from moving v e r t i c a l l y  b u t  (b) a l l o w  t h e  ends t o  s l i d e  h o r i z o n t a l l y .  

The S f o r c e s ,  which p u l l  on t h e  ends of t h e  tube ,  a c t  on t h e  e n t i r e  l e n g t h  

o f  tube  i n c l u d i n g  t h e  s e c t i o n  between t h e  f i x e d  suppor t s .  For  s i m p l i c i t y ,  

t h e  tube  i s  shown i n  i t s  f i r s t  mode; however, t h e  d i s c u s s i o n  i n  t h i s  s e c t i o n  

a p p l i e s  t o  a l l  modes. 



( b )  NET UPWARD S-FORCE = S (:;;I - dx 

( c )  NET UPWARD SHEAR FORCE = - - dx 
a x  

F i e u r e  2 .  --Forces i n f l u e n c i n v  v i b r a t i o n a l  f r e q u e n c i e s .  ( a )  Axia l  
f o r c e s  on t u b e  ends.  ( b )  A x i a l  f o r c e s  on a t u b e  e lement .  
( c )  Rending and s h e a r  f o r c e s  on a t u b e  e lement .  



E q u a t i o n s  f o r  t h e  t u b e ' s  mo t ion  w i l l  b e  b a s e d  on t h e  f o l l o w i n g  

asstunpt i o n s :  

( a )  Any chosen  p o i n t  on t h e  t u b e  ( f i g u r e  2a)  moves up and down w i t h  p u r e  

ha rmon ic  mot ion .  I n  o t h e r  words,  t h e  m o t i o n  i s  o f  t h e  form y  = s i n  ( p t )  

where p  i s  a n g u l a r  f r e q u e n c y ,  t i s  e l a p s e d  t i m e ,  and y  i s  t h e  p o i n t ' s  

d i s p l a c e m e n t  measured  f rom a  s t a t i o n a r y  r e f e r e n c e  l i n e  p a s s i n g  t h r o u g h  t h e  

s u p p o r t  c e n t e r s .  

(b)  Every  c r o s s  s e c t j o n  no rma l  t o  t h e  t u b e ' s  a x i s  i s  a c t e d  upon by t h e  

f o r c e  S .  

( c )  The maxinlunl v e r t i c a l  d i s p l a c e m e n t  o f  any  p o i n t  on t h e  t u b e ' s  a x i s  i s  

much s m a l l e r  t h a n  t h e  l e n g t h  "L." 

( d )  A l l  c r o s s  s e c t i o n s  a r e  i d e n t i c a l :  t h e  t u b e  i s  u n i f o r m  f rom end t o  end. 

( e )  The t u b e  i s  f r e e  o f  a l l  damping f o r c e s .  

( f )  R o t a t i o n a l  movement o f  l u b e  s e c t i o n s  can  be  neglec tec? .  

We now a p p l y  Newton's second Jaw of  r ~ o t i o n  l o  a t ~ b e  s e c t i o n  b e t w e e n  x 

and x+dx. Our o b j e c t i v e  i s  t o  e q u a t e  t h e  n e t  upward f o r c e  a c t i n g  on t h i s  

s e c t i o n  t o  tlre mass of  t h e  s e c t i o n  ~ l u l t i p l i e d  b y  i t s  upward a c c e l e r a t i o n .  

We d i v i d e  t h e  e q u a t i o n - w r i t i n g  p r o c e s s  i n t o  two p h a s e s .  I n  t h e  f i r s t  

phase ,  we f o c u s  on tlae a x i a l  f o r c e  S. F i g u r e  2b ( a )  shows a l l  v e r t i c a l  

f o r c e s  a c t i n g  on t h e  s e c t i o n  ends  and (b)  g i v e s  t h e  n e t  upward f o r c e  w h i c h  

i s ;  t h e  sum of  a l l  upward f o r c e s  minus  t h e  :.urn o f  a l l  downward f o r c e s .  I n  

.. .. 
t h e  second phase ,  wc f o c u s  on s h e a r  f o r c e s ,  V, a c t i n g  on t h e  s e c t i o n  ends.  

F i g u r e  2c shows t h e  s h e a r - - f o r c e  v e c t o r s  a r c  norula l  t o  t h e  t u b e ' s  a x i s  and 

t h e r e f o r e  s l i g h t l y  i n c l i n e d  t o  t h e  y  a x i s .  Recause  t h e  i n c l i n a t i o n  a ~ ~ g l e s  

.. 
6 a n d  8' a r e  s f i ~ a l l  ( s e e  a s s u m p t j o n  c"),  t h e  f u n c t i o n s  c o s ( B )  and c o s ( @ ' )  



a r e  n e a r l y  equa l  t o  1. There fore ,  t h e  v e r t i c a l  components of t h e  s h e a r  

f o r c e s  a r e  o b t a i n e d  by s i m p l y  r o t a t i n g  t h e  o r i g i n a l  s h e a r  v e c t o r s  i n t o  t h e  y 

a x i s ,  S u b t r a c t i n g  t h e  r ight-hand s h e a r  f o r c e ,  which a c t s  downward, from t h e  

l e f t -hand  f o r c e ,  which a c t s  upward, we o b t a i n  t h e  n e t  upward-shear f o r c e  

e x p r e s s i o n  on f i g u r e  2c. 

The tube s e c t i o n  has  a  mass of r (dx)  and an upward a c c e l e r a t i o n  o f  

a 2 y / a t 2  ( r e f e r  t o  Appendix A f o r  d e f i n i t i o n  of symbols). Mass, 

a c c e l e r a t i o n ,  and n e t  upward f o r c e  ( s e e  f i g u r e  2b and 2c) a r e  r e l a t e d  a s  

f o l l o w s :  

r ( d x )  ( a 2 y / a t 2 )  = s ( ~ x )  (a2y/ax2)  - (dx)  ( a v / a x )  (1) 

Equat ion 1 can be w r i t t e n  i n  a  more conven ien t  form by app ly ing  an 

assumpt ion  and then  r e l a t i n g  bending moments t o  s h e a r  f o r c e s .  Each of t h e  

two S-forces  ( f i g u r e  2b) produces  a moment: one moment a c t s  c l o c k w i s e  and 

t h e  o t h e r  a c t s  coun te rc lockwise .  I n  g e n e r a l ,  t h e s e  two moments do n o t  

c a n c e l  because  t h e  moment arms a r e  n o t  equal.  An e x a c t  a n a l y s i s  must i n c l u d e  

t h e  n e t  moment; however, t h i s  d i s c u s s i o n  n e g l e c t s  t h e  n e t  moment a s  s t a t e d  

.. .a 

i n  a s s u m p t i o n  f .  

The two s h e a r  f o r c e s  ( s t r a i g h t  a r r o w s  on f i g u r e  2c) s h a r e  a  common 

moment arm of dx/2 measured from t h e  e lement ' s  c e n t e r  p o i n t .  Fur thermore,  

each f o r c e  produces  a  c l o c k w i s e  moment. The two bending moments (curved 

a r r o w s  on f i g u r e  2c) d i f f e r  i n  magnitude b u t  oppose one a n o t h e r  i n  

d i r e c t i o n .  With t h e s e  f a c t s  i n  mind, we e q u a t e  c l o c k w i s e  moments t o  

coun te rc lockwise  moments. A s  an approximat ion,  we drop t e r m s  invo lv ing  

high-order  d i f f e r e n t i a l s  t o  o b t a i n  V = aM/ax. T h i s  e q u a t i o n  i s  

2  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  x  t o  o b t a i n  aV/ax = a ~ / a x ~ - - w e  now have t h e  



f i r s t  o f  two e q u a t i o n s  r e q u i r e d  t o  s i m p l i f y  e q u a t i o n  1. The o t h e r  equa t ion ,  

a 2 ~ / a x 2  i s  o b t a i n e d  by t a k i n g  t h e  second d e r i v a t i v e  o f  t h e  

bending-moment equa t ion ,  M = EIa2y/ax2,  d e r i v e d  by Laurson and Cox (1947). 

The e q u a t i o n s  aV/ax = a2h!/ax2 and a2bf/ax2 = ~ ~ a ~ ~ / a x ~  c o n t a i n  t h e  

common term a2iM/ax2. E l i m i n a t i n g  t h i s  t e rm by combining t h e  two p r e c e d i n g  

e q u a t i o n s  y i e l d s  aV/ax = ~ ~ a ~ ~ / a x ~ ~  The e x p r e s s i o n  f o r  aV/ax i s  now 

s u b s t i t u t e d  i n t o  e q u a t i o n  k and t h e n  t h e  f a c t o r  dx i s  canceled.  We o b t a i n :  

r ( a 2 y / a t "  - S S ( ~ ~ / ~ X ~ )  + ~ ~ ( a 4 ~ j a x 4 1  = 0. (21 

.. .. 
The n e x t  p a r t  of t h e  a n a l y s i s  i n v o l v e s  t h e  modal-shape f u n c t i o n  X, 

which d e f i n e s  t h e  shape of t h e  tube ' s  a x i s  when t h e  tube reaches  i t s  maximum 

d e f l e c t i o n .  X i s  a  f u n c t i o n  of o n l y  one variable--namely x. An e x p r e s s i o n  

f o r  y, t h e  d e f l e c t i o n  of any chosen p o i n t  on t h e  tube 's  a x i s ,  must obv ious ly  

.* e. 

invo lve  b o t h  x  and t ( t ime) .  According t o  assumption a?, t h e  v i b r a t o r y  

up-and-down motion i s  harmonic and i s  r e p r e s e n t e d  by t h e  e x p r e s s i o n  

silg(pB). Iklul&ip%ying t h i s  e x p r e s s i o n  by X g i v e s  t h e  gemoral d e f l e c t i o n  

equa t ion ,  y  = X s i n ( p t ) .  P a r t i a l  d e r i v a t i v e s  of y  can now be w r i t t e n  a s  

fo l lows :  

2  a 2 y / a t 2  = -xp2 s i n  p t ;  a y / a x 2  = (a2x/aX2) s i n  p t ;  a4y /ax4  = ( a 4 x / a x 4 )  s i n  p t .  

By s u b s t i t u t i n g  t h e s e  p a r t i a l  d e r i v a t i v e s  i n t o  e q u a t i o n  2, and then  

c a n c e l l i n g  t h e  s i n  ( p t )  f a c t o r s ,  we o b t a i n  

EI (a4x/ax4)  -S  (a2x /ax2)  -xrp2 = o 

The p a r t i a l  d e r i v a t i v e s  i n  e q u a t i o n  3 can be r e p l a c e d  w i t h  t o t a l  

d e r i v a t i v e s  because  X i s  a  f u n c t i o n  of x  a lone.  A f t e r  comple t ing  t h i s  

s u b s t i t u t i o n ,  we o b t a i n  t h e  l i n e a r  d i f f e r e n t i a l  equat ion:  

EI (d4x/dx4) - S (d2x/dx2) - xrp2 = 0. 



Auxi l  i a r y - e q u a t i o n  R o o t s  

.. 
We now u s e  t h e  a u x i l i a r y - e q u a t i o n  method" d e s c r i b o d  by I d e i g h t o n  (1952 ,  

.. .. 
p. 47) t o  s o l v e  e q u a t i o n  4. F i r s t  s u b s t i t u t e  t h e  D-ope ra to r .  d o f i n e d  a s  

D =- d /dx ,  i n t o  e q u a t i o n  4 and t h e n  f a c t o r  t h e  p a r a m e t e r  X. We o b t a i n  

X ( E T D ~  - sD2 - rp2 )  = 0 ( 5  

The a u x i l i a r y  e q u a t i o n  i s  f o rmed  by s e t t i n g  t h e  e x p r e s s i o n  i n  p u r o n t h e s e s  

e q u a l  t o  ze ro .  A f t o r  d i v i d i n g  a l l  t e r m s  by ET, we o b t a i n  

D4 - ( S / E P ) D ~  - r p 2 / ~ 1  0 ( 6 )  

E q u a t i o n  6 ,  b e i n g  a  f o u r t l i - o r d e r  p o l y n o m i a l ,  h a s  f o u r  s o o t s .  Assuming two 

o f  t h o  r o o t s  a r e  r e a l - -  ~ : s l l  them a and a'--and t w o  slno conjugastc i m a g i n a r y  - 

c a l l  them + j b  and - jb ,  we w r i t u  o q u a t  i o n  5 i n  f a c t o r e d  form a s  f o l l o w s :  

(D-a) (D-a9 (D+jb)  (D-jb) = 0 ( 7 )  

A f t e r  m u l t i p l y i n g  t h e s e  f a c t o r s  t o g e t h e r  and c o l l e c t i n g  common t e r m s ,  

we o b t a i n  

~ ~ - ( a + a ' ) ~ ~  4 (b2+aa ' )D2  - ( a + a ' ) b 2 D  + a a ' b 2  - 0 ( 8 )  

Tho r e a l  r o o t s  o f  e q u a t i o n  6  a r e  r e l a t e d  t o  one  a n o t h e r .  N o t i c e  t h a t  

t e r m s  i n v o l v i n g  D3 and  D a r e  n o t  p r e s e n t  i n  a q u a t i o n  6 and t h a t  t h e s e  t e r m s  

v a n i s h  f rom e q u a t i o n  8 i f  a '  = -a. A p p a r e n t l y ,  t h e  two  r e a l  r o o t s  o f  

e q u a t i o n  6 a r e  e q u a l  i n  m a g n i t u d e  b u t  o p p o s i t e  i n  s i g n .  Tho f o u r  r o o t s  of  

e q u a t i o n  5 and t h e i r  p o s i t i o n s  i n  t h e  complex  p l a n e  a r e  shown i n  f i g u r o  3. 

Acco rd ing  t o  L e i g h t o n  (19521, t h e  g e n e r a l  s o l u t i o n  o f  e q u a t i o n  4 c a n  now 

b e  w r i t t e n  i n  t e r m s  o f  t h e  a u x i l i a r y - o c l u n t i o n  r o o t s .  The r o o t s  ( s e e  

f i g u r e  3 )  become e x p o n e n t s  and t h e  g e n e r a l  s o l u t i o n  h a s  t h e  form 

x = c l e a X  + ~ ~ e - ~ ~  4- c 3 e i j b x  + C q e - ~ h x  

']The c o e f f i c i e n t s  C1, C2, C3, and C4 a r e  a r b i t r a r y  c o n s t a n t s .  



I REAL AXlS  

IMAGINARY AXlS  

F i g u r e  3.--Location o f  a u x i l i a r y - e q u a t i o n  r o o t s .  

Figure 4.- -Coordinate  sys tem f o r  a  v i b r a t i n g  t u b e .  



Boundary Conditions 

Equation 4 and its solution (equation 9) were derived without 

specifying the type of supports at the tube's ends; therefore, the equations 

cover a broad variety of situations. Many forms and combinations of end 

supports (boundary conditions) are possible. For example, one end of a tube 

can be clamped and the other end can be free. Timoshenko et al. (1974, 

p. 454) solved equation 4 for a tube with both ends resting on knife-edge 

supports. The ends rocked clockwise and then counterclockwise as the center 

point translated up and down. Timoshenko's solution does not apply to the 

clamped-end arrangement shown on figure 1; however, his technique for 

obtaining solutions can be applied to the problem at hand. 

First, we align the tube with the coordinate system on figure 4. 

Deflections of points on the tube's axis are measured from the tube's rest 

position denoted by the short-dashed line. The tube's left end lies at 

x = 0 and the right end lies at x = L. The modal-shape function X defines 

the relation between y and x through the range 0 S x I L. 

Two pairs of boundary-condition equations are required to obtain a 

solution. The first pair stems from constraints on translation. At x = 0, 

the tube cannot translate up and down; therefore, the condition X = 0 must 

be satisfied. After substituting 0 for both X and x in equation 9, we 

obtain 

c1 + C2 + CQ + C4 = 0 (10) 

At x = L, the tube cannot translate up and down; therefore, the condition 

X = 0 must be satisfied. After substituting 0 for X and then substituting L 



f o r  x  i n  e q u a t i o n  9,  we o b t a i n  

cleaL + ~ ~ e - ~ ~  + ~ ~ ~ j b L  + cqe-JbL = 0 (11)  

The second p a i r  o f  boundary-condi t ion e q u a t i o n s  s tem from c o n s t r a i n t s  

on r o t a t i o n :  no rocking mot ion can occur  a t  t h e  ends. Not ice  t h a t  t h e  

tube's  a x i s  ( f i g .  4) fo rms  a  smooth c u r v e  t h a t  s t a r t s  a s  a  h o r i z o n t a l  l i n e  

i n s i d e  t h e  l e f t  clamp. The a x i s  a r c h e s  a c r o s s  t h e  r e g i o n  between t h e  c lamps 

and t h e n  t e r m i n a t e s  a s  a  h o r i z o n t a l  l i n e  i n s i d e  t h e  r i g h t  clamp. Between 

t h e  clamps, t h e  a x i s  s h i f t s  w i t h  t h e  passage  of t i m e ;  however, a t  x  = 0  and 

a t  x = L, t h e  a x i s  a lways  c o i n c i d e s  w i t h  t h e  r e s t  p o s i t i o n .  S t a t e d  

m a t h e m a t i c a l l y ,  a t  x  = 0 and a t  x = L t h e  s l o p e  of t h e  modal-shape f u n c t i o n ,  

dX/dx, must be z e r o .  

D i f f e r e n t i a t i n g  e q u a t i o n  9, we o b t a i n  

dX/dx = aCleaX - aC2e-ax + j b ~ ~ ~ j ~ ~  - jbcqe- jbx 

A f t e r  s u b s t i t u t i n g  z e r o  f o r  x  and dX/dx i n  e q u a t i o n  12, we o b t a i n  

aC1 - aC2 + jbC3 - jbCq = 0  (13 

Returning t o  e q u a t i o n  1 2 ,  we s u b s t i t u t e  L  f o r  x and t h e n  s u b s t i t u t e  0  f o r  

dX/dx t o  o b t a i n  

acleaL - acZe-aL + j b ~ ~ ~ j b c  - jbeqe-jbL = 0 (14)  

Equa t ions  10,  11, 13, and 1 4  form a  homogenous sys tem w i t h  f o u r  

unknowns--el, C2, C3. and C4. Rothenberg (1983, p. 116) shows t h e  sys tem 

h a s  non-zero s o l u t i o n s  o n l y  i f  t h e  d e t e r m i n a n t  formed from t h e  c o e f f i c i e n t s  



of Cl, C2, C3, and C4 i s  zero ,  S e t t i n g  up t h e  d e t e r m i n a n t ,  we o b t a i n :  

To s o l v e  e q u a t i o n  15, we expand t h e  d e t e r m i n a n t  i n t o  a  polynomial ,  

Rothenberg (1983, p. 100) and most a l g e b r a  t e x t s  d e s c r i b e  the p r o c e s s  s o  

o n l y  a  few i n t e r m e d i a t e  s t e p s  a r e  g i v e n  here .  By m u l t i p l y i n g  rows i n  

e q u a t i o n  15 by c o n s t a n t s  and r e p l a c i n g  rows w i t h  t h e  sum of two o t h e r  rows, 

we m a n i p u l a t e  t h e  d e t e r m i n a n t  i n t o  t h e  f o l l o w i n g  form which c o n t a i n s  l e a d i n g  

zero 's  i n  a l l  b u t  t h e  f i r s t  row: 

i 
ae-2aL-a jb-jbe-aL+jbL 

I 
1 0  -jb+jbe-aL-jbL I = 0  (16)  
I 

l+e-2aL 
I 

1 0  ~ - j ( b / a ) e - ~ l + j ~ ~  l + j ( b / a ) e - a L - j b L ~  
I I 

A t  t h i s  p o i n t ,  l e t  u s  i n t r o d u c e  p a r a m e t e r s  f  and g  and d e f i n e  them a s  f o l l o w s :  

We now s u b s t i t u t e  f  and g  i n t o  t h e  d e t e r m i n a n t  of e q u a t i o n  1 6  and t h e n  

expand t h e  d e t e r m i n a n t  about i t s  l e f t  column. Because t h i s  column c o n t a i n s  

t h r e e  ze ros ,  t h e  4 x 4 d e t e r m i n a n t  reduces  t o  t h e  f o l l o w i n g  3 x  3 

de te rminan t :  

1 1  -e-2f l-e-f + j  g  



The 3x3 d e t e r m i n a n t  i n  e q u a t i o n  1 9  can be expanded i n t o  a  polynomial  by 

app ly ing  t h e  fo l lowing  i d e n t i t y :  

1 A B c 1 
I I 

1 E F I  = AEI+BFG+CHD-CEG-RDI-AEiF (20)  
I 

I G B 1 I 
The po lynomia l  expansion o f  e q u a t i o n  1 9  c o n t a i n s  t e r m s  w i t h  complex ( m i x t u r e  

of r e a l  and imaginary)  exponents.  Each o f  t h e s e  complex t e r m s  can  be  

w r i t t e n  a s  t h e  sum of  two o t h e r  terms--one e n t i r e l y  r e a l  and t h e  o t h e r  

e n t i r e l y  imaginary.  The f o l l o w i n g  two i d e n t i t i e s  a r e  used r e p e a t e d l y  i n  

t h i s  p rocess :  

e f+Jg  = e f e j g  

and 

The n e x t  s t e p  c o n s i s t s  of s o r t i n g  t e r m s  i n  t h e  polynomial  expansion.  

Two groups  a r e  formed: one c o n t a i n s  o n l y  r e a l  t e r m s  and t h e  o t h e r  c o n t a i n s  

o n l y  imaginary terms.  The rea l - t e rm group reduces  t o  z e r o  and t h e  imaginary- term 

group c o n t a i n s  t h e  common f a c t o r  +j. A f t e r  m u l t i p l y i n g  t h e  imaginary-term 

g r o u p  by - j  and  r e c a l l i n g  t h a t  (+j)(-j) = 1 a n d  ( - j ) ( O )  = 0, we o b t a i n  

t he  f o l l o w i n g :  

- 2 ( g / f ) e - f c o s ( g )  + 4 ( g / f ) e - 2 f  - 2 ( g / f ) e - 3 f c o s ( g )  - ( g / f ) 2 e - f  s i n ( g )  

+ ( g / f ) 2 e - 3 f s i n ( g )  -e - 3 f s i n ( g )  + e - f s i n ( g )  = O (23 

Equat ion 23, can  be s i m p l i f i e d  and r e w r i t t e n  a s  

.. 
I n  d i s c u s s i o n s  t h a t  f o l l o w ,  e q u a t i o n  24 w i l l  be r e f e r r e d  t o  a s  t h e  t e n s i o n  

.- 
e q u a t i o n .  



Tension-equation Roots 

Tn this section, we solve for f and g values that satisfy the tension 

equation. Let P represent the expression left of the equal sign in 

equation 24. After assigning a fixed (but arbitrary) value to f, we 

evaluate P for a range of g values and then plot P versus g. The plot (not 

shown) forms a smooth, sinuous curve that intersects the g axis an infinite 

number of times. Each intersection point satisfies the condition P = 0 and 

therefore locates a root. 

Figure 5, which shows a small section of the P-versus-g curve (solid 

line), illustrates th.e root-finding technique. A root, shown by the open 

circle, is located by a process of successive approximations. The first 

approximation starts with two estimates of the root. One estimate, which is 

labeled gi-l, is termed the "old" estimate. The other, which is labeled 

gi, is termed the "current" estimate. An equation discussed in the 

.. .. 
following section is used to evaluate a new estimate, labeled gi+l. The 

new estimate lies at the intersection of the axis and the dashed line 

drawn through the old and current estimates. This new estimate usually lies 

closer to the true root than either the old or current estimates. 

The equation for computing gi+l is based on the two shaded triangles on 

figure 5 .  Because the triangles are similar, the ratio of matching sides 

can be equated as follows: 

[P(gi-l) - P(gi)I /P(gi) = (gi-1 - gi)/(gi-gi+l) (25) 

After cross-multiplying and solving for gi+l, we obtain 

gi+l = gi - P(gi) [(gi-gi-l)/(P(gi)-P(gi-l)I (26) 



F i g u r e  5 , - -Secant  method  f o r  l o c a t i n g  t e n s i o n - e q u a t i o n  r o o t s .  



Not ice  t h a t  t h e  r i g h t  s i d e  of e q u a t i o n  26 c o n t a i n s  t h e  o l d  and c u r r e n t  

e s t i m a t e s  a long w i t h  two P  v a l u e s ,  P(gi-l) and P(gi) ,  which can be computed 

from t h e  lef t -hand e x p r e s s i o n  i n  e q u a t i o n  24. 

A f t e r  computing gi+l from e q u a t i o n  26, t h e  r o o t  e s t i m a t e s  a r e  updated 

and r e l a b e l e d .  The v a l u e  of g i  i s  r e l a b e l e d  g i - ~  and t h e  v a l u e  of gi+l i s  

r e l a b e l e d  gi. The o r i g i n a l  v a l u e  of g i - ~  i s  d i s c a r d e d .  S t a t e d  a n o t h e r  way; 

t h e  t h r e e  g-values a r e  s h i f t e d  backward i n  t i m e  and t h e  o l d e s t  g  v a l u e  i s  

thrown away. Another i t e r a t i v e  p r o c e s s  i s  now s t a r t e d  by r e t u r n i n g  t o  

e q u a t i o n  26 and e v a l u a t i n g  a  new v a l u e  f o r  gi+l. The e n t i r e  roo t - f ind ing  

.. 
p r o c e s s ,  commonly r e f e r r e d  t o  a s  t h e  s e c a n t  method" was programmed f o r  a  

d i g i t a l  computer. The program (see  f i g .  6 )  r a n  u n t i l  t h e  d i f f e r e n c e  between 

t h e  c u r r e n t  e s t i m a t e  and o l d  e s t i m a t e  became t o o  s m a l l  t o  d e t e c t .  When t h e  

.. 
computer  p r i n t e d  d i v i s i o n  by ze ro  e r r o r "  ( s e e  f i g .  71, t h e  l a s t  computed 

gi+l v a l u e  was t aken  a s  t h e  t r u e  r o o t .  

The polynomial  P  has  an i n f i n i t e  number of r o o t s ;  however, t h e  computer  

converges  on t h e  r o o t  n e a r e s t  t h e  s t a r t i n g  va lues .  A s  an  example, c o n s i d e r  

t h e  two runs  shown on f i g u r e  7. The r u n s  were  based  on t h e  same v a l u e  f o r  

f ,  namely 3.0, b u t  d i f f e r e n t  s t a r t i n g  v a l u e s  f o r  g. F o r  t h e  f i r s t  run, g  was 

s t a r t e d  a t  6: f o r  t h e  second run, g  was s t a r t e d  a t  3. D e s p i t e  t h i s  

d i f f e r e n c e ,  b o t h  runs  converged on t h e  same g-root--namely 5.34273357. 

Because t h e  computer s t o r e d  a l l  numbers t o  n i n e  decimal  p l a c e s ,  each g  r o o t  

was a c c u r a t e  t o  t h e  s e v e n t h  o r  p o s s i b l y  t h e  e i g h t h  dec imal  p lace .  Many r u n s  

were made t o  i n s u r e  a l l  r o o t s  of i n t e r e s t  were found. 

The r e l a t i o n  between f and t h r e e  of t h e  g  r o o t s  i s  shown on f i g u r e  8. 

For  a  g iven  f  va lue ,  t h e  s m a l l e s t  g  r o o t  l i e s  on t h e  curve  l a b e l e d  gl and 



.. .. DS = :REM CONTROL 9 
HOXE 
PRINT "THIS PROG PERTAINS TO T I ~ E  VIBFATIOIUL-FREQUENCY EQUATION FOR A 

TUEE SUBJECTED I'C AK AXIAL FORCE" 
PRINT "ROOTS OF THE EQUATION ARE F O U ~  BY TEE SECANT METEOD. ONE ROOT, 

F, IS ASSIGNED AND THE OTHER ROOT, G ,  IS CSIPUTED" BY ITERATION. 
Pi i IMT "EKTER VALUE OF F" 
INPUT F .. 
P R I N T  D S ;  PR$~' '  .. 
P R I N T  "\~ALuE OF ROOT F I S  ;P 

40 PRINT n$  ; "PR#O" 
45 PRINT *'ENTER FSTTI~ATED VALUE OF SECOVD ROOT G*' 
5 0  IIQUT XC 
55 PRTNT "ENTER A VALTJE NEARLY EQUAL TO THE PKECEEDING INPUT" 
6 0  INPUT XO 
61 HOME 
6 2 PRINT '*ESTIMATE OF" ; 1: *' ;"VALUE OF" .. .. .. 
6 3  PRINT ROOT .s ; "EQUATIOB" 
6 5  G = X C  
7 0  GOSUE 1 0 0 0  
7 5  P C = ?  
8 0  G = XO 
85 GOSUB 1000 
9 0  P O  = P 
1 0 0  N = XC - XO 
110 D = PC - PO 
1 2 0  XM = XC - PC * (N / D) 
130 REPI ENG C)F SECANT CGHP 
1r,0 G = rrR 
1 5 0  GOSUB 1OOO 
'LC) p s  - p 
A" 

1 6 5  P R I N T  XN; " "PN 
2 8 0  REM START UPDATE 
3 9 0  XO = XC 
300 XC = XN 
3 2 0  GOT0 65  
3 5 0  EtTD 
l O O O R = l - G A 2 / F A 2  
l o l o  y = ( - 2 )  * G / F 
1 0 2 0  S = EXF (F) - EX? ( - F )  
1 0 3 0  U = ExP (F )  +. EXP ( - F )  

1 0 4 0 V = 4 * G / F  
1 0 5 0  P = R * S * S I N  ( G )  + T * U * COS ( G )  +- V 
1 0 7 0  RETURN 

F ' i g u r e  6 . - - P r o g r a m  l i s t i n g  f o r  the  s e c a n t  method.  



EMTER VALUE FOR F  
ENTER ESTIMATED VALUE FOR ROOT G 
? 6 
ENTER A VALUE NEARLY EQUAL TO TEE PRECEEDIMG IWUT 
?6.1  
NEW ESTIVATE OF VALUE OF 
ROOT C- EQUATION 
5.37467 885 -2.28601221 
5.34623264 - .2484.77478 
5.34276362 -2.131 b6815E-03 
5.3427336 -1.95018947E-06 
5.34273357 -9.87201929E-05 
5.34273357 1.3038510E-07 
5.34273357 -9.87201929E-08 
5.34273357 -9.87201929E-08 

?DIVISION BY ZERO ERROR I N  120 

]VALUE OF ROOT F I S  3 
ENTER ESTLYATED T?ALUE OF SECOID BClOT C 
?3 
ENTER A VALUE L,!E24RLY EQUAL TO THE PRECEEDIKG IIqPUT 
? 5 
NEW ESTIMATE OF VALUE OF 
ROOT G EQUATION 
6.97285063 -119.033626 
4.06984791 51.6438111 
4.94 824 242 24.5948866 
5.7469438 -31.325129 
5.29952934 3.02813778 
5.33896759 .266898096 
5.34277965 -3.26870568E-03 
5.34273352 3.417953 85s-06 
5.34273357 -9.87201929E-08 
5.34273357 1.3038516E-07 
5.34273357 -9.87201929E-08 
5.34273357 -9.87201929E-08 

?DIVISION BY ZERO ERROR I N  120 

F i g u r e  7.--Sample o u t p u t s  from t h e  secant-method program. 

2 2 



t h e  nex t  l a r g e r  r o o t  l i e s  on t h e  curve  l a b e l e d  g2. The t h i r d  r o o t ,  t a k e n  i n  

o r d e r  of ascendj.ng magnitude,  l i e s  on t h e  curve  l a b e l e d  gg. 

Each of t h e  g-root curves  l i e s  between a s y m p t o t i c  l i m i t s .  For  example, 

a s  we a s s i g n  s m a l l e r  and s m a l l e r  v a l u e s  t o  f ,  gl i n c r e a s e s  and approaches  2n. 

I f  we r e v e r s e  t h e  p r o c e s s  by a s s i g n i n g  l a r g e r  and l a r g e r  v a l u e s  t o  f ,  g l  

d e c r e a s e s  and approaches  n, 

S p e c i a l  S o l u t i o n s  of t h e  Tension Equa t ion  

I n  t h i s  s e c t i o n ,  we compare s p e c i a l  s o l u t i o n s  of t h e  t e n s i o n  e q u a t i o n  

w i t h  r e s u l t s  o b t a i n e d  by o t h e r  i n v e s t i g a t o r s .  However, b e f o r e  t h i s  

comparison can be  made, t h e  f-g r o o t s  must be l i n k e d  t o  p h y s i c a l  p a r a m e t e r s  

of v i b r a t i n g  tubes .  

E a r l i e r ,  we saw t h a t  t h e  form of e q u a t i o n  8 matches t h e  form of  

e q u a t i o n  6 i f  a'=-a, By s u b s t i t u t i n g  t h i s  r e l a t i o n  i n t o  e q u a t i o n  8  and 

e l i m i n a t i n g  a: we o b t a i n  

D 4  - ( a %  - b2lD2 - a2b2 = 0 

Equat ing t h e  D2 c o e f f i c i e n t  i n  e q u a t i o n  6 t o  t h e  D2 c o e f f i c i e n t  i n  

e q u a t i o n  27 y i e l d s  

a2-b2 = S/EI 

Equat ing t h e  DO c o e f f i c i e n t  i n  e q u a t i o n  6 t o  t h e  DO c o e f f i c i e n t  i n  

e q u a t i o n  27 y i e l d s  

a2b2 = r p 2 / ~ 1  (29)  

Because a=f /L and b=g/L ( s e e  e q u a t i o n s  17  and 181, we can r e w r i t e  

e q u a t i o n  28 a s  

f 2  - g2 = S L ~ / E I  



F i g u r e  8.--f,oots o f  t h e  t e n s i o n  e q u a t i o n .  A ,  R, and C l o c a t e  eclual 
r o o t s .  A t  A ,  g 3  = f = 10.9956078. A t  8, g, = f = 7.85320463. 
A t  C, g1 = f = 4.73004075. 



and e q u a t i o n  29 a s  

Taking t h e  square  r o o t  of b o t h  s i d e s  o f  e q u a t i o n  31 y i e l d s  

Equa t ions  30 and 32 a r e  graphed on f i g u r e  9. P o i n t s  on t h e  c u r v e  

l a b e l e d  '> = were o b t a i n e d  by f i . r s t  s e l e c t i n g  an a r b i t r a r y  v a l u e  f o r  f ,  

and then  read ing  t h e  matchlag g l  va1ne from f i g u r e  8. F i n a l l y ,  v a l u e s  f o r  

2 t h e  e x p r e s s i o n s  f -g12 and fgl  were computed and p l o t t e d  a g a i n s t  one 

another .  P o i n t s  on t h e  n = 2  curve  were  o b t a i n e d  i n  a  s i m i l a r  manner. The 

on ly  d i f f e r e n c e  was t h a t  g2 v a l u e s  i n s t e a d  of gl v a l u e s  were  read  from 

f i g u r e  8. 

Curves on f i g u r e  9  a r e  r e l a t e d  t o  t h e  modal shapes  on f i g u r e  1. A tube  

v i b r a t e s  a t  i t s  l o w e s t  f requency,  pis when t h e  tube 's  modal shape matches  

f i g u r e  l a .  The f requency pl t o g s t h e r  w i t h  values 60s: E, I, k, and S s e t  an 

o p e r a t i n g  p o i n t  on the n  = B c u r v e  of f i g u r e  9. I f  $ = 8, t h e  o p e r a t i n g  

p o i n t  l i e s  a t  t h e  i n t e r s e c t i o n  of t h e  n  = 1 curve  and t h e  v e r t i c a l  a x i s  

s e p a r a t i n g  t e n s i o n  from compress ion reg ions .  The same tube v i b r a t e s  a t  a 

h i g h e r  f requency,  p2, when t h e  modal shape matches f i g u r e  l b .  I f  S = 0, t h e  

o p e r a t i n g  p o i n t  l i e s  a t  t h e  i n t e r s e c t i o n  o f  t h e  n = 2  curve  and t h e  v e r t i c a l  

a x i s .  The t u b e  v i b r a t e s  a t  an even h i g h e r  f requency,  pg,  when t h e  modal 

shape matches f i g u r e  l c .  I f  S = 0, t h e  o p e r a t i n g  p o i n t  l i e s  a t  t h e  

i n t e r s e c t i o n  of t h e  n  = 3  curve  and t h e  v e r t i c a l  a x i s .  

Le t  u s  examine t h e  s p e c i a l  c a s e  i n  which t h e  tube  i s  f r e e  of a x i a l  

f o r c e s .  Equa t ion  30 shows t h a t  i f  S = 0 t h e n  f  = g. The bot tom c u r v e  on 
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f i g u r e  8 shows t h a t  f e q u a l s  gl a t  o n l y  one po in t .  Both p a r a m e t e r s  equa l  

4.73004075, Squar ing t h i s  v a l u e  we o b t a i n  22.373286 f o r  fg l ,  t h e  o r d i n a t e  

o f  p o i n t  D on f i g u r e  9. Fo l lowing  a s i m i l a r  l i n e  of reasoning,  we o b t a i n  

61.672823 f o r  fg2  ( p o i n t  E on f i g u r e  9) and 120.903391 f o r  fg3  ( p o i n t  F on 

f i g u r e  9 ) .  Table  1 l i s t s  t h e s e  t h r e e  fg, v a l u e s  and compares them w i t h  

v a l u e s  c i t e d  by Rothbar t  (1964) and Lafanne (1983). Not ice  t h a t  d a t a  from 

a l l  t h r e e  s o a r c e s  a g r e e  c l o s e l y .  

T a b l e  1.--Comparison of v i b r a t i o n a l  f r e q u e n c i e s  f o r  t h e  s p e c i a l  c a s e  S - 0.  

Source of Data 

Frequency F i g u r e  9 Rothbar t  La l anne 

Le t  us  now examine ano ther  s p e c i a l  c a s e  i n  which a  t u b e  i s  s u b j e c t e d  t o  

compress ive  f o r c e s .  To t h i s  p o i n t  i n  t h e  d i s c u s s i o n ,  S h a s  been t r e a t e d  a s  

a t e n s i v e  f o r c e  a s  shown by t h e  v e c t o r  on f i g u r e  2b. We can make S  a  

compress ive  f o r c e  by s u b s t i t u t i n g  -S f o r  +S. On f i g u r e  9, o p e r a t i n g  p o i n t s  

w i t h  n e g a t i v e  S v a l u e s  p l o t  l e f t  of  t h e  v e r t i c a l  a x i s .  

Tubes s u b j e c t e d  t o  compress ive  f o r c e s  have a  v i b r a t i o n a l  p r o p e r t y  t h a t  



can be s t u d i e d  e x p e r i m e n t a l l y  w i t h  t h e  a i d  of a  y a r d s t i c k  o r  a  s t r a i g h t ,  

s l e n d e r  rod. With t h e  s t i c k  s t and ing  u p r i g h t  w i t h  i t s  bottom end r e s t i n g  on 

t h e  f l o o r ,  app ly  a  s m a l l  downward f o r c e  on t h e  t o p  end. The s t i c k  remains  

s t r a i g h t  b u t  a s  t h e  f o r c e  s l o w l y  i n c r e a s e s ,  t h e  load  reaches  a  c r i t i c a l  

v a l u e  and t h e  s t i c k  b u c k l e s  (bows sideways).  The magnitude of t h i s  c r i t i c a l  

f o r c e  depends on t h e  way i n  which t h e  s t i c k ' s  ends a r e  supported.  I f  b o t h  

ends a r e  clamped s o  t h e y  remain plumb even a f t e r  t h e  c e n t e r  s e c t i o n  buck les ,  

t h e  c r i t i c a l  f o r c e ,  which was d e r i v e d  by Laurson and Cox (1947), i s  

Sc, = 4 n 2 ~ 1 / L 2  ( 3 3 )  

Compressive f o r c e s  n o t  on ly  c a a s e  bnck l ing  b u t  t h e y  a l s o  i n f l n e n c e  

v i b r a t i o n a l  f requenc ies .  The i n f l a e n c e  can be gaged by running a n o t h e r  

exper iment  on t h e  y a r d s t i c k .  While m a i n t a i n i n g  smaf 1 b u t  s t e a d y  downward 

f o r c e  on t h e  t o p  end, p u l l  t h e  c e n t e r  of t h e  s t i c k  s ideways and then  r e l e a s e  

t h e  s t j e k  t o  e x c i t e  t h e  f i r s t  mode of v i b r a t i o n .  Repeat ing t h i s  t e s t  w i t h  

g r e a t e r  and g r e a t e r  downward f o r c e s  r e v e a l s  two t h i n g s :  ( a )  a s  compsess ive  

f o r c e  i n c r e a s e s ,  v i b r a t i o n a l  f requency d e c r e a s e s  and (b) when compress ive  

f o r c e  equa l s  o r  exceeds  S,,, v i b r a t i o n  s t o p s  o r ,  s t a t e d  a n o t h e r  way, 

v i b r a t i o n a l  f reqnency  becomes zero.  

The e x p e r i m e n t a l  t r e n d  of t h e  force-f requency r e l a t i o n  a g r e e s  w i t h  

t h e  t h e o r e t i c a l  t r e n d  on f i g u r e  9. I n c r e a s i n g  t h e  oompress ive  f o r c e  s h i f t s  

t h e  o p e r a t i n g  p o i n t  l e f t  and downward a long t h e  n = 1 carve.  Th is  s h i f t  i s  

accompanied by a  d e c r e a s e  i n  frequency. When t h e  o p e r a t i n g  p o i n t  r e a c h e s  t h e  

h o r i z o n t a l  a x i s ,  f requency becomes zero.  

On f i g n r e  9, t h e  p o i n t  where t h e  n  = 1 curve  i n t e r s e c t s  t h e  h o r i z o n t a l  

a x i s  i s  r e l a t e d  t o  S,., i n  e q u a t i o n  33. According t o  f i g a r e  9, fg l  i s  z e r o  



s i n c e  t h e  p o i n t  f a l l s  on t h e  h o r i z o n t a l  a x i s ;  however, accord ing  t o  

f i g u r e  8, gl can  never  be  s m a l l e r  t h a n  about  3.  To r e a c h  t h e  p o i n t ,  f  must 

approach ze ro  and g1 must approach 2n. As we approach t h e s e  l i m i t s .  f2-g2 

2 approaches  -4n , t h e  p o i n t "  a b s c i s s a  on f i g u r e  9. Glancing a t  t h e  

h o r i z o n t a l - a x i s  v a r i a b l e ,  we s e e  t h e  f o l l o w i n g  c o n d i t i o n  i s  met: 

2 2 Solv ing  e q u a t i o n  34 f o r  S y i e l d s  -4ar EX/L . Except f o r  a  d i f f e r e n c e  i n  

s i g n ,  t h i s  e x p r e s s i o n  i s  i d e n t i c a l  t o  t h e  r ight-hand e x p r e s s i o n  i n  

e q u a t i o n  33, The d i f f e r e n c e  i n  s i g n  s tems  from a d i f f e r e n c e  i n  d e f i n i t i o n s ;  

Laurson and Cox d e f i n e  a compress ive  f o r c e  a s  p o s i t i v e  b u t  we d e f i n e  a  

compress ive  f o r c e  a s  n e g a t i v e .  

Let  us  now focus  on one more s p e c i a l  c a s e  t h a t  a p p l i e s  t o  long, 

s l e n d e r ,  t i g h t l y - s t r e t c h e d  s t r i n g s .  DenRartog (1947) d e r i v e d  t h e  e q u a t i o n  

p, = (nnlI,? ( (35 )  

where pn i.s t h e  f requency  o f  a s t r i n g  v i b r a t i n g  i n  i t s  nth  mode. The 

v a r i a b l e  n t a k e s  on the v a l u e s  I, 2, 3, e t c ,  Denuastog's e q u a t i o n  can be 

d e r i v e d  from e q u a t i o n s  3 0  and 3 1  and d a t a  from f i g u r e  8. F i r s t ,  we s o l v e  

equa t ion  3 0  f o r  E I  t o  o b t a i n  

S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  E I  i n t o  e q u a t i o n  3 1  and t h e n  s o l v i n g  f o r  p 

g i v e s  

2 Now c o n s i d e r  a  s t r i n g  having a  f i x e d  v a l u e  f o r  L / E I  and a c t e d  upon by a  

2  s l o w l y  i n c r e a s i n g  t e n s i v e  f o r c e .  As S i n c r e a s e s ,  SL /EI i n c r e a s e s  and t h e  

s t r i n g ' s  o p e r a t i n g  p o i n t  s h i f t s  t o  t h e  r i g h t  a long t h e  c u r v e s  of f i g u r e  9. 



As t h i s  s h i f t  c o n t i n u e s ,  f2-g2 i n c r e a s e s  and, accord ing  t o  f i g u r e  8, f  

becomes much l a r g e r  than g. I n  t h e  l i m i t  t h e  e x p r e s s i o n  i n s i d e  t h e  

l e f t -hand  b r a c e s  of e q u a t i o n  37 approaches  g. F i g u r e  8  shows t h a t  g l  

approaches n, g2 approaches  2n, and g3 approaches  3n: i n  g e n e r a l ,  gn 

approaches  nrr. DenHartog's equa t ion  i s  o b t a i n e d  by s u b s t i t u t i n g  nn f o r  t h e  

express ion  i n  t h e  l e f t  b r a c e s  of e q u a t i o n  37. 

I n  summary, r e s u l t s  from t h e  t e n s i o n  e q u a t i o n  a g r e e  w i t h  t h r e e  s p e c i a l -  

c a s e  s t u d i e s  r e p o r t e d  by o t h e r  i n v e s t i g a t o r s .  These s t u d i e s  cover  ( a )  t u b e s  

f r e e  of a l l  a x i a l  f o r c e s ,  (b) t u b e s  s u b j e c t e d  t o  c r i t i c a l  b u c k l i n g  f o r c e s  

and, ( c )  t u b e s  ( o r  s t r i n g s )  s u b j e c t e d  t o  l a r g e  t e n s i v e  f o r c e s .  I n  t h e  n e x t  

s e c t i o n ,  we compare t h e o r e t i c a l  d a t a  from t h e  t e n s i o n  e q u a t i o n  w i t h  

e x p e r i m e n t a l  d a t a  from an e x p e r i m e n t a l  sed iment -concen t ra t ion  gage. 

ANALYSIS OF FZPEWIMENTAL DATA 

F i g u r e  10 shows d e t a i l s  of a  s t r a i g h t - t u b e  sed iment -concen t ra t ion  gage. 

The gu ide  vanes a l i g n  t h e  nose  w i t h  t h e  approaching f low s o  t h a t  w a t e r  

e n t e r s  t h e  tube  and t h e n  emerges downstream of t h e  vanes. The ha tch ,  which 

can be removed f o r  s e r v i c i n g  p a r t s  i n s i d e  t h e  s l e e v e ,  forms an a i r t i g h t  

cover. The gas  v a l v e  can be connected t o  a  vacuum pump f o r  removing a i r  

i n s i d e  t h e  s l e e v e .  

The tube  i s  welded a t  t h r e e  points--two a t  t h e  f r o n t  cap and one a t  t h e  

r e a r  cap. Each of t h e s e  welds  forms a  con t inuous  band around t h e  tube 's  

c i rcumference .  Although t h e  tube  cannot  move a t  t h e  welds ,  i t  can v i b r a t e  

.. .. 
i n  t h e  span l a b e l e d  L on s e c t i o n  BB. Two coi ls - -one l a b e l e d  "drive" and 

t h e  o t h e r  l a b e l e d  "sense"--are l o c a t e d  a t  t h e  c e n t e r  of t h e  span. The c o i l s  
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sur round  b u t  do n o t  touch  t h e  s l e n d e r ,  rod-shaped magnets shown i n  s e c t i o n  

AA. The magnets a r e  f a s t e n e d  t o  t h e  magnet r i n g  which, i n  t u r n ,  i s  b razed  

t o  t h e  tube. The tube  v i b r a t e s  a long t h e  h o r i z o n t a l  c e n t e r  l i n e  shown i n  

s e c t i o n  AA. The magnet r i n g  and magnets v i b r a t e  a s  a  u n i t  b u t  t h e  c o i l s  

remain s t a t i o n a r y .  

An e l e c t r o n i c  a m p l i f i e r ,  which i s  n o t  shown, s u s t a i n s  t h e  v i b r a t i o n .  

The a m p l i f i e r ' s  inpu t  t e r m i n a l s  a r e  connected t o  t h e  sense  c o i l  and t h e  

a m p l i f i e r ' s  ou tpu t  t e r m i n a l s  a r e  connected t o  t h e  d r i v e  c o i l .  V i b r a t i o n  of 

t h e  s e n s e - c o i l  magnet produces  an e l e c t r i c a l  s i g n a l  t h a t  i s  a m p l i f i e d  and 

t h e n  a p p l i e d  t o  t h e  d r i v e  c o i l .  The d r i v e - c o i l  v o l t a g e  produces  a  magnet ic  

f i e l d  t h a t  e x e r t s  a  f o r c e  on t h e  d r i v e - c o i l  magnet. The feedback p r o c e s s  i s  

regenerat ive--mot ion produces  s i g n a l ,  s i g n a l  produces  f o r c e ,  and f o r c e  

produces  motion.  

The permanent magnet i n  t h e  d r i v e  c o i l  p l a y s  a  c r i t i c a l  r o l e  i n  

t r a n s f o r m i n g  e l e c t r i c  c u r r e n t  t o  f o r c e .  Two magnet ic  f i e l d s  e x i s t  i n  t h e  

a i r -gap between c o i l  and magnet, The magnet's f i e l d  i s  s t r o n g  and s t e a d y  

b u t  t h e  c o i l ' s  f i e l d  i s  weak and i t s  i n t e n s i t y  and d i r e c t i o n  depend on t h e  

e l e c t r i c  c u r r e n t  f lowing  i n  t h e  winding.  The two f i e l d s  may oppose one 

a n o t h e r  o r  they  may r e i n f o r c e  one a n o t h e r  depending on t h e  d i r e c t i o n  of 

c u r r e n t  f low. During each v i b r a t i o n a l  c y c l e ,  t h e  c u r r e n t  f l o w s  f i r s t  i n  one 

d i r e c t i o n  and t h e n  i n  t h e  o p p o s i t e  d i r e c t i o n .  T h e  n e t  a i r -gap f l u x  grows 

and weakens i n  s t e p  w i t h  t h e  c u r r e n t ;  however, t h e  f l u x  l i n e s  n e v e r  change 

d i r e c t i o n .  They a lways  c r o s s  t h e  a i r -gap  i n  a  d i r e c t i o n  s e t  by t h e  

permanent magnet. The magnitude o f  t h e  f o r c e  on t h e  magnet waxes and wanes 

i n  s t e p  w i t h  t h e  i n t e n s i t y  of t h e  n e t  f l u x  b u t  t h e  f requency of t h e  f o r c e  



n l w n y s  m n t c h c s  t h o  f r e q u e n c y  o f  t h o  c u r r e n t .  I f  t h o  p o r m n n o n t  mngnot  i s  

r o p l n c o d  w i t h  a  s o f t - i r o n  c o r e  t l ~ n t  l ins n o  f i e l d  o f  i t s  own, t h e  f r e q u e n c y  

o f  t h o  f o r - c o  h c c o m e s  t w i c e  t h e  f r e q u e n c y  o f  t h e  c o i l  c u r r e n t .  F r e q n e n o y -  

d o u b l i n g ,  w h i c h  i s  u n d e s i r a b l e ,  o c c u r s  b o c n u s a  t h o  n o t  a i r - - g a p  f l u x  i s  

g o v e r n e d  e n t i r e l y  by t h e  c u r r e n t .  When t h o  c u r r e n t  r e v e t - s e s ,  t h e  n o t  f l u x  

r e v e r s e s ;  c o n s e q u o n t l y ,  t h o  p u l l i n g  f o r c o  on t h o  c o r e  r e n c h e s  t w o  nlnximums 

d u r j n g  e a c h  v i b r a t  j o n n l  c y c l e .  

The t u b o  ( f f g u r o  10) v i b r n t o s  o n l y  i n  i t s  f i r s t  mode. A l l  o t h e r  modes 

o r e  eliminated t h r o u g h  m o c h a n i c n l  nnd e l o c t r i c n l  f i l t e r i n g .  Even-numbered 

modos ( s e e  f i g .  1 b )  m u s t  h n v e  s t a t i o n a r y  c e n t e r  p o i n t s ,  b u t  t h e  t u b e  on 

f i g u r e  10 c n n n o t  tnoet t h i s  r e q u i r e m e n t  b o c t t l ~ s o  d r i v i n g  f o r o e s  v i b r a t e  t h o  

con t e r .  A l l  odd-numbered modos h i g h e r  t h a n  t h o  f i r s t  a r e  51  i m i n a t e d  b o c n u s e  

t h e  f r o q u e n c i e s  a r e  boyond t h e  umpl i f  i e r ' s  rnngo  o r  b c c u u s o  t h o  p h a s i n g  

p r o d u c o s  d e g o n e r n t  i v c  feodbi ick.  

PARAMI:,I'ERS FOR Tli[li ST'HAIGIIT-'I'llffE SKI11 MEN?' GAGE 

T h i s  s e c t i o n  d i s c u s s e s  a s s u m p t i o n s  and  a p p r o x i m n t i o n s  u s e d  i n  a p p l y i n g  

t h o  t e n s  i o n  e q u u t i o n  t o  t h e  s  t r a i g h t - t u b e  gngo  on f i g u r e  10. 

The t e n s i o n  e q u a t i o n  was  d e i  i v e d  f o r  n t u b o  h a v i n g  u u n i f o r m l y -  

d i s t ~ i b u t e d - m u s s  s o  we n e e d  n  way o f  d i s t r i b u t i n g  t h e  c o n c e n t r a t e d  m a s s  o f  

t h e  mngne t  r i n g  a n d  n lngne ts  shown on f i g u r e  10. F i g u r o  11 s h o w s  a  

c o n c o n t l n t e d  m u s s ,  R, f a s t e n e d  t o  t h o  c e n t e r  o f  n  u n i f o r m  t u b e .  I J n g a r  

(1964) c i t e s  t h e  f o l l o w i n g  e q u a t i o n  f o r  t h e  f i r s t  mode o f  v i b r a t i o n :  

192 .  E I / ( R  + 0.375 1 . r ) ~ ~  ( 3 8 )  



DISTRIBUTED MASS, r CONCENTRATED MASS, R 

SLEEVE 

F i g u r e  11-.--Tube v i b r a t i n g  i n  i t s  f i r s t  mode and c a r r v i n g  a 
c o n c e n t r a t e d  m a s s .  



T h i s  e q u a t i o n  can be r e w r i t t e n  a s :  

= 512.EI1[(2.666 RIL) + r l  L~ (3  9 )  

The b r a c k e t e d  e x p r e s s i o n  i n  e q u a t i o n  39 i s  t h e  sys tem's  d i s t r i b u t e d - m a s s  

e q u i v a l e n t  o b t a i n e d  by adding r f o r  t h e  uniform tube  t o  2.666 R/L f o r  t h e  

c o n c e n t r a t e d  mass. Not ice  t h a t  i f  I? = 0, e q u a t i o n  39 reduces  t o  t h e  pp 

e x p r e s s i o n  i n  t a b l e  I. 

L a t e r ,  we w i l l  apply  t h e  c o r r e c t i o n  2.666RlL t o  t h e  magnets and magnet 

r i n g ,  t h e n  add t h e  c o r r e c t i o n  t o  t h e  d i s t r i b u t e d  mass of t h e  s t e e l  tube,  and 

t h e  d i s t r i b u t e d  mass of t h e  w a t e r  and sed iment  i n s i d e  t h e  tube. 

Le t  us  now c o n s i d e r  a x i a l  f o r c e s  produced by t e m p e r a t u r e  s h i f t s .  Xf 

t h e  welds  on f i g u r e  10 a r e  c u t  t o  f r e e  t h e  t u b e  and s l e e v e  from m u t u a l l y  

i n t e r a c t i v e  f o r c e s ,  a  t e m p e r a t u r e  r i s e  of AT degrees  l e n g t h e n s  L by an 

amount AL. The t e m p e r a t u r e  s h i f t  and l e n g t h  s h i f t  a r e  r e l a t e d  by t h e  

e q u a t i o n  

AL = KtLAT 

where K t  i s  t h e r m a l  c o e f f i c i e n t  of expansion.  

The s l e e v e  i s  a  h i g h - s t r e n g t h  ca rbon-s tee l  a l l o y  w i t h  a  K t  v a l u e  of about  

12.5 x  The tube i s  t y p e  304 s t a i n l e s s  s t e e l  w i t h  a  K t  v a l u e  of about  

17 .  x  loe6 .  

Because t h e  s l e e v e  and t u b e  have d i f f e r e n t  K t  va lues ,  t h e  t e m p e r a t u r e  

s h i f t  c r e a t e s  an a x i a l  fo rce .  To e s t a b l i s h  t h e  d i r e c t i o n  o f  t h i s  f o r c e ,  

assume t h e  we lds  a r e  c u t  w h i l e  t h e  t u b e  and s l e e v e  a r e  under  no a x i a l  

f o r c e .  The welds  remain a l i g n e d  w i t h  one ano ther .  But i f  t h e  tube and 

s l e e v e  a r e  now warmed, t h e  tube  l eng thens  more than  t h e  s l e e v e  ( s e e  

e q u a t i o n  40) and t h e  we lds  s h i f t  a p a r t .  To r e a l i g n  t h e  welds ,  t h e  tube  must 



be  compressed  s n d  t h e  s l e e v e  must lle z t ~ ~ t c h e r l .  A F i c r  I l ~ e  w c l d s  have  heen  

r e j o i n e d ,  tht: t u b e  e x e r t s  a  t e n s i v e  f o r c e  or1 t h e  s l ~ e l l  and t h e  s i r e l l  e x e r t s  

a  c o m p r e s s i v e  f o r c e  on t h e  tube.  

An a x i a l  f o r c e  p r o d u c e s  a  d e f l e c t i o n  ( s t r a i n )  i n  t h e  s l e e v e  and t u b e ;  

'rrowever, t h e  s t r a i n  i n  t h e  s l .eeve  i s  a l w a y s  s m a l l  conipared t o  t k e  s t r a i n  i n  

t h e  tube .  The f o r c e  on t h e  t u b e  i s  d i s t r i b u t e d  o v e r  r, snlaL1 c r o s s - s e c t i o n a l  

area--about  0.00004 s q u a r e  n e t  ers-- . - -hut  t h e  f c ) r c e  ~ j u  t l le  s l r e l l  i s t lr'str ibnt.ec! 

o v e r  a much. l a r g e r  area--about  0.0054 s q u a r e  m e t e r s .  

As we have seen ,  t e ~ n p e r a t u r e  i n f l a e n c e s  "s" i n  t h e  t e n s i o n  e q u a t i o n .  

Ylowever, t e m p e r a t u r e  a l s o  i n f  Iaaernces t h e  t u b e ' s  a r e a  x!-roment--of-- i n e r t i a ,  

g i v e n  hy 

I - ( n / 4 ) ( r O 4  - r i 4 )  (41) 

I n  t h i s  e q u a t i o n ,  ro and r i  a r e  r e s p e c t i v e l y  t h e  t u b e ' s  o u t s i d e  ~ ~ d i u s  and 

j.nsj.de s a d i n s .  Both o f  t h e s e  r a d i i  i t l ~ J ' 6 ~ ~ e  i f  t h e  t u b e  is war~rletl :,nd t h e y  

d e c r e a s e  i f  t h e  t u b e  i s  coo led .  

The f o l l o w i n g  two  e q u a t i o n s  r e l a t e  a t c m p e s a t n r e  s h j f t  dT, t o  a n  o u t e r -  

rtadi.us s h i r t  dro  and inne r - f ad i l l s  s h i f t  d r i :  

d r o  = K t r o  (dT)  (42) 

d r i  = Ets i (dT1 (43 

D e s i g n a t i n g  I a s  t . l~e a r e a  moment o f  i n e r t i a  (AHQL) at; t - empera tx re  T and 

d e s i g n a t l a g  J6 a s  t h e  change i.n AMGI caused  by a t e n p c - r a t n r t ?  s l ~ i  f t dT, we 

w r i t e  

d~ = i ( a I / a r  ) ( a r , / a r I  + ( a I l a r i )  ( a r i / a T )  l d T  
0 ( 4 4 )  

Tak iag  p a r t i a l  d e ~ l v a t i v e s  of  e q u a t i o n s  41, 42, alld 43, a n d  t.hen 



s u b s t i t u t i n g  t h e  d e r i v a t i v e s  i n t o  e q u a t i o n  44, we o b t a i n  

d I  = ngt(ro4 - r i4 )dT 

S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  X(eq.mation 41) i n t o  e q u a t i o n  45, we 

4Kt I dT (46 9 

Des igna t ing  a s  t h e  Mb'ICBI a t  T+AT, we o b t a i n  

IT+hT = IT + d I  (47 

A f t e r  s u b s t i t u t i n g  e q u a t i o n  46 i n t o  e q u a t i o n  47 and then s i m p l i f y i n g  t h e  

r e s u l t ,  we o b t a i n  

f T+AT = IT( 1+4KTATa (48)  

Equat ion 48 i s  u s e f u l  because  i t  e n a b l e s  u s  t o  compute t h e  AMOT a t  T + AT 

from t h e  MdOl a t  T. 

We can now e v a l u a t e  v i b r a t i o n a l  c o n s t a n t s  f o r  t h e  gage on f i g u r e  10,  

.. 
Valaes  f o r  water d e n s i t y "  ( s ee  t a b l e  2) were t a k e n  from Bodgman (19109. 

Values f o r  L were  o b t a i n e d  by f i r s t  measuring t h e  d i s t a n c e  between welds  

( s e e  f i g .  40) a t  20' C and t h e n  us ing  e q a a t i o n  40 t o  e v a l u a t e  l e n g t h s  f o r  

a l l  o t h e r  t e m p e r a t u r e s  i n  t h e  t a b l e .  Pn e q u a t i o n  40, K t  was t aken  a s  

12.5 x 1 0 ~ ~ .  Values f o r  i n s i d e  d i a m e t e r  of tube" were o b t a i n e d  by f i r s t  

measur ing t h e  d i a m e t e r  a t  0' C and then  us ing  e q u a t i o n  40 t o  e v a l u a t e  

d i a m e t e r s  f o r  o t h e r  t e m p e r a t a r e s  i n  t h e  t a b l e .  Values f o r  " c r o s s - s e c t i o n a l  

area of  t u b e  bore" were computed from t h e  e q u a t i o n  A = ndi2/4. 



Table 2.--Vibrational constants for various temperatures. All values are 
for the gage on figure 10. E(tubePs elastic-modulus) = 193. x 10' h~/rn~ 
for all temperatures. 

T9 
temperature 
in degrees 
Celsius 

T, 
temperature 
in degrees 
Celsius 

'I 8 

temperature 
in degrees 
Celsius 

L,  
Water density, tube length 
in ~ ~ / m ~  in meters 

Cross-sectional 
area of tube 
bore in m 2 

'concentrated, 
distributed mass 
of ring and magnets 

i n  Kg/m 

I, nt~on~ent of 
inertia o f  
tube in md 

*it 
inside diameter 
of tube, in 
meters 

'tubep 
distributed mass 

of tube, in 
Kg /m 

=water, r, total 
distributed mass distributed mass, 

of water, in in Kglm 
Kg /m 



.m 

Values f o r  I, moment -of - iner t i a  o f  t u b e "  were  computed from 

e q u a t i o n s  41 and 48 a long w i t h  measurements of r i  and ro a t  0' @. Values 

f o r  rtube were o b t a i n e d  by d i v i d i n g  t h e  mass of t h e  tube between welds  

(0.31860309 Kg) by L. Values f o r  rconcentrated mass  were o b t a i n e d  from t h e  

e x p r e s s i o n  2.666(0.15169)/L ( s e e  e q u a t i o n  391, The v a l u e  i n  p a r e n t h e s i s  i s  

t h e  mass i n  Kg of t h e  magnet-ring assembly.  

Each v a l u e  f o r  rwate,  was computed from t h e  volume of a one-meter 

l e n g t h  of t h e  tube,  The volume was t h e n  m u l t i p l i e d  by t h e  concomitant  

,,a '3e 

water -dens i ty  v a l u e  i n  t h e  t a b l e ,  Values f o r  r were compa~ted from t h e  

* = r c o n c e n t r a t e d  ' 'tube 'water" 

Most o f  t h e  v a l u e s  i n  t a b l e  2 c o n t a i n  more dec imal  p l a c e s  t h a n  

measurements w a r r a n t ,  For  example, L i s  g iven t o  f i v e  dec imal  p l a c e s  b u t  

t h e s e  v a l u e s  a r e  based on a measurement t h a t  was a c c u r a t e  t o  o n l y  f o u r  

dec imal  p l a c e s .  E x t r a  dec imal  p l a c e s  a r e  c i t e d  t o  show s m a l l  s h i f t s  i n  t h e  

v i b r a t i o n a l  c o n s t a n t s .  

GOBPARISON OF MEASURED FREQUENCIES THEORETIC& FWQUIENCIES 

Szalona (1986) measured v i b r a t i o n a l  f r e q u e n c i e s  f o r  t h e  gage on f i g u r e  

10. The gage was submerged i n  a  w a t e r  b a t h  connected t o  a t empera tu re -  

c o n t r o l l e d  r e s e r v o i r  of sed iment - f ree  wa te r .  A f t e r  t h e  w a t e r  b a t h ,  

r e s e r v o i r ,  s l e e v e ,  and t u b e  had a l l  s t a b i l i z e d  a t  t h e  same t e m p e r a t u r e ,  t h e  

tube 's  v i b r a t i o n a l  f requency was recorded.  The w a t e r  was then  warmed a  few 

degrees .  A f t e r  a  r e s t a b i l i z a t i o n  p e r i o d ,  a n o t h e r  f requency read ing  was 

c o l l e c t e d .  A s  f i g u r e  1 2  shows, t h e  measured-frequency d a t a  p l o t t e d  a long a  

n e a r l y - s t r a i g h t  l i n e  having a  n e g a t i v e  s lope.  



l  i-IEORETICAL- F R E Q U E N C Y  
( WlTi-1 AXIAL F O R C E  ) 

- THEORETICAL FREQUENCY 
( WITHOUT AXIAL FORCE ) 1 

1-L;v;FERATURE I N  DEGREES C E L S I U S  

Figure 12 .--Comparison o r  ~qeasured and tileoretical 
frequencies. 



The t r e n d  of t h e  measured d a t a  shows t e m p e r a t u r e  e x e r t s  a  s t r o n g  

i n f l u e n c e  on m e t a l l i c  p a r t s  of t h e  gage. Assume, f o r  t h e  moment, t h a t  t h e  

gage responds o n l y  t o  s h i f t s  i n  w a t e r  d e n s i t y .  F i g u r e  1 2  shows t h a t  w a t e r  

reaches  i t s  maximum d e n s i t y  a t  4' C. S t a r t i n g  a t  t h i s  t e m p e r a t u r e ,  a  

warming t r e n d  has  t h e  same e f f e c t  a s  a  c o o l i n g  t rend--densi ty  d e c r e a s e s  and 

v i b r a t i o n a l  f requency  i n c r e a s e s .  Frequency d a t a  would t h e r e f o r e  p l o t  a long  

a  bowl-shaped curve  (concave upward) i n s t e a d  of a  s t r a i g h t ,  downward-sloping 

1 i n e  . 
Temperature  induced s h i f t s  i n  L, I, and r can be s t u d i e d  by u s i n g  t h e  

t e n s i o n  e q u a t i o n  and v a l u e s  from t a b l e  2. F i r s t ,  c o n s i d e r  t h e  s p e c i a l  c a s e ,  

S  = 0. A t  a l l  t e m p e r a t u r e s ,  t h e  t u b e  o p e r a t e s  a t  t h e  p o i n t  on f i g u r e  1 3  

where t h e  n  = 1 curve  c r o s s e s  t h e  v e r t i c a l  a x i s .  A t  t h i s  p o i n t  

S u b s t i t u t i n g  v a l u e s  f o r  El I, r ,  and L ( see  t a b l e  2) i n t o  e q u a t i o n  49 and 

t h e n  s o l v i n g  t h e  e q u a t i o n  f o r  p  y i e l d s  p o i n t s  on t h e  bot tom curve  of 

f i g u r e  12. Comparing t h i s  t h e o r e t i c a l  curve  w i t h  t h e  measured-data c u r v e  on 

f i g u r e  12 r e v e a l s  two d i s c r e p a n c i e s :  ( a )  t h e  t h e o r e t i c a l  curve  p l o t s  below 

t h e  measured curve  and (b) t h e  t h e o r e t i c a l  c u r v e  h a s  a  p o s i t i v e  s l o p e  b u t  

t h e  measured c u r v e  has  a  n e g a t i v e  s l o p e .  

What happens t o  f requency  d i s c r e p a n c i e s  i f  S  t a k e s  on non-zero v a l u e s ?  

Because S was n o t  measured, we must e s t i m a t e  i t s  v a l u e  by r e v e r s e  

c a l c u l a t i n g .  F i r s t ,  v a l u e s  f o r  I%, 1, r, and  L a t  O 0  C ( t a b l e  2)  and  t h e  

measured f requency  a t  Q0 C (653.5 r a d i a n s  p e r  second) a r e  s u b s t i t u t e d  i n t o  

e q u a t i o n  32. We o b t a i n  f g l  = 24.53. Then, o p p o s i t e  fg l  on f i g u r e  12,  we 

read  SL~/EI = 8.0. Solving t h i s  e q u a t i o n  f o r  S and t h e n  s u b s t i t u t i n g  



v a l u e s  f o r  E, I, and L, y i e l d s  S = +5763 newtons (+1296 ~ o u n d s ) .  The 

p o s i t i v e  s i g n  i n d i c a t e s  t h e  tube i s  under  t e n s i o n  a t  0' C .  

I f  t h e  tube  and s h e l l  a r e  warmed, S  decreases .  The change i n  S can 

be  computed by assuming t h e  tube  and s h e l l  a r e  f r e e  t o  expand independent ly .  

I f  b o t h  p a r t s  a r e  warmed t o  40' C, t h e  tube's  l e n g t h  changes  by (17. x  1 0 - ~ )  

(0.90805)(40) = 617 micromete rs  and t h e  s l eeve ' s  l e n g t h  changes by 

(12.5 x  (.90805)(40) = 454 micrometers .  The t u b e  must now be 

compressed 163 micromete rs  t o  r e j o i n  t h e  welds.  The r e q u i r e d  compress ive  

f o r c e  AS i s  o b t a i n e d  from t h e  equa t ion :  

E = s t r e s s / s t r a i n  = (AS/A)/(AL/L) (50)  

I n  t h i s  equa t ion ,  A i s  t h e  tube 's  c r o s s - s e c t i o n a l  a r e a ,  L i s  t h e  tube 's  

l e n g t h ,  AS i s  t h e  a p p l i e d  f o r c e ,  and AL. i s  t h e  change i n  tube  length .  

So lv ing  e q u a t i o n  50 f o r  AS and t h e n  s u b s t i t u t i n g  193. x  lo9  f o r  E, 

1 6 3  x  f o r  AL, 39.73 x  f o r  A ,  and  0.90805 f o r  L, y i e l d s  

AS = 1376 newtons. Because t h e  r e l a t i o n  between AS and AT i s  l i n e a r ,  we 

w r i t e  

AS = (AT)(-1376/40) 

where AT i s  i n  degrees  C e l s i u s  and AS i s  i n  newtons.  

F requenc ies  f o r  a  range of t e m p e r a t u r e s  can now be computed. For  

example, assume t e m p e r a t u r e  s h i f t s  from 0' C t o  10' C .  According t o  

e q u a t i o n  51, S d e c r e a s e s  by 340 newtons. With S a t  5423 newtons,  f 2  - gl 2  

( s e e  f i g u r e  13)  becomes 7.52 and fg l  becomes 24.41. So lv ing  equa t ion  32 f o r  

p1 y i e l d s  650.9 r a d i a n s  p e r  second. The r e l a t i o n  between p l  and T I s  

.* 
c l o s e l y  approximated by t h e  s t r a i g h t  l i n e  l a b e l e d  t h e o r e t i c a l  f r e q u e n c i e s  

with a x i a l  f o r c e s  app l ied"  on f i g u r e  12. 



F i g u r e  1 2  shows t h i s  new t h e o r e t i c a l  p l o t  and t h e  measured-frequency 

p l o t  have two f e a t u r e s  i n  common: b o t h  p l o t s  a r e  n e a r l y  s t r a i g h t  and b o t h  

have n e g a t i v e  s lopes .  Tension a p p a r e n t l y  p l a y s  a  s i g n i f i c a n t  r o l e  i n  

c o n t r o l l i n g  t h e  gage's frequency. 

TEMPORAL SHIFTS I N  FREQUENCY 

E a r l i e r ,  we computed a  t e n s i v e  f o r c e  of 5763 newtons i n  t h e  tube.  The 

o r i g i n  of t h i s  l a r g e  f o r c e  i s  a  m a t t e r  of s p e c u l a t i o n  s i n c e  no d e l i b e r a t e  

e f f o r t  was made t o  s t r e t c h  t h e  t u b e  d u r i n g  assembly.  The f o r c e  was p robab ly  

c r e a t e d  by h i g h  t e m p e r a t u r e s  used i n  welding.  P o i n t s  i n s i d e  t h e  we lds  were  

h e a t e d  t o  about 1400' C --the m e l t i n g  t e m p e r a t u r e  o f  s t a i n l e s s  s t ee l - -bu t  

p o i n t s  o u t s i d e  t h e  welds  remained c o o l e r .  For  computa t iona l  purposes ,  l e t  

u s  t a k e  150' C a s  t h e  average t e m p e r a t u r e  a long t h e  s l e e v e  and 800° C a s  t h e  

average  t e m p e r a t u r e  a long t h e  tube.  The p a r t s  a r e  ass igned  d i f f e r e n t  

t e m p e r a t u r e s  because  of c o n t r a s t i n g  w e i g h t s  and s u r f a c e  a r e a s .  Compared t o  

t h e  tube,  (a)  t h e  s l e e v e  h a s  a  l a r g e r  mass and consequen t ly  warms a t  a  

s l o w e r  r a t e  and (b) th.e s l e e v e  has  a  l a r g e r  s u r f a c e  a r e a  and consequen t ly  

r a d i a t e s  h e a t  a t  a  f a s t e r  r a t e .  

A f t e r  a l l  we lds  were comple te ,  t h e  t u b e  and s l e e v e  were  a l lowed  t o  

coo l .  We can e s t i m a t e  f o r c e s  t h a t  developed d u r i n g  t h e  c o o l i n g  p r o c e s s  by 

working w i t h  i n i t i a l  and f i n a l  c o n d i t i o n s .  For  i n i t i a l  c o n d i t i o n s ,  assume 

(a )  t h e  s l e e v e  and tube  t e m p e r a t u r e s  were 150' C and 800' C r e s p e c t i v e l y ,  

(b) t h e  s l e e v e  and tube were locked t o g e t h e r  b u t  n e i t h e r  p a r t  was under  

s t r e s s  and (c )  t h e  d i s t a n c e  between welds  was 0.91032 mete r s .  For f i n a l  

c o n d i t i o n s ,  assume t h e  s l e e v e  and t u b e  were a t  a  t e m p e r a t u r e  o f  0' C. 



According t o  e q u a t i o n  40, t h e  s l e e v e ' s  f i n a l  l e n g t h  was 0.90805 m e t e r s  and 

t h e  tube 's  f i n a l  l e n g t h  was 0.89794 mete r s .  The d i f f e r e n c e  between t h e s e  

two l e n g t h s  i s  c r i t i c a l .  S t r e t c h i n g  t h e  t u b e  0.01011 m e t e r s  r e q u i r e s  a  

f o r c e  of about 86,000 newtons (19,000 pounds). Div id ing  t h i s  f o r c e  by t h e  

c r o s s - s e c t i o n  a r e a  of t h e  tube  g i v e s  about 2. x 10' newtons/m2--a s t r e s s  

t h a t  exceeds e l a s t i c  l i m i t s  f o r  s t a i n l e s s  s t e e l !  

The e x i s t e n c e  of h y p e r e l a s t i c  s t r e s s e s  i s  a f f i r m e d  by some e x p e r i m e n t a l  

da ta .  A few days a f t e r  c o o l i n g ,  t h e  gage's v i b r a t i o n a l  f requency was 724 

rad ians l second;  f i v e  months l a t e r ,  t h e  f requency  was 651. r ad ians l second .  

Meta l s  s u b j e c t e d  t o  h y p e r e l a s t i c  s t r e s s e s  t end  t o  l eng then  a t  s low r a t e s .  

Gela (1964) s t a t e s  t h e  l eng then ing  p r o c e s s  may c o n t i n u e  f o r  months o r  even 

years .  I n  t h e  e x p e r i m e n t a l  gage, s t r e t p h ~ n g  vrould have reduced t e n s i v e  

f o r c e s  and s h i f t e d  t h e  tube 's  o p e r a t i n g  p o i n t  ( s e e  f i g u r e  13)  l e f t w a r d  and 

downward along t h e  n  = 1 curve.  These s h i f t s  may have caused t h e  f requency 

r e d u c t i o n .  

CONCLUSIONS 

The t e n s i o n  e q u a t i o n  i s  a  u s e f u l  t o o l  f o r  ana lyz ing  f r e q u e n c i e s  i n  a  

v i b r a t i o n a l - t y p e  sed iment  gage. Roots of t h e  e q u a t i o n  a r e  l i n k e d  t o  s l u r r y  

d e n s i t i e s  and, more i m p o r t a n t l y ,  t o  mechanical  p r o p e r t i e s  of t h e  t u b e  

i t s e l f .  These p r o p e r t i e s  i n c l u d e  thermal-expansion c o e f f i c i e n t ,  e l a s t i c i t y  

c o e f f i c i e n t ,  t u b e  d i a m e t e r ,  tube  l e n g t h ,  and t e n s i v e  fo rce .  The e q u a t i o n  

can be used t o  s e l e c t  optimum dimensions  and p r o p e r t i e s  of c r i t i c a l  

components i n  t h e  ins t rument .  Values computed from t h e  e q u a t i o n  i n d i c a t e s  

f requency i n s t a b i l i t i e s  observed i n  t h e  e x p e r i m e n t a l  gage were caused by 

h igh  t e m p e r a t u r e s  used i n  t h e  welding p rocess .  



Figure 13.--Detail of tension-compression curve for first 
mode. 



APPENDIX A - NOTATION 

The fo l lowing  symbols a r e  used i n  t h i s  paper :  

Force  e x e r t e d  a long t h e  
a x i s  of a  v i b r a t i n g  t u b e  

H o r i z o n t a l  and v e r t i c a l  
d i s t a n c e s  i n  a  C a r t e s i a n  
system 

Shear  s t r e s s  i n  a  v i b r a t i n g  
tube  

Outs ide  r a d i u s  and i n s i d e  
r a d i u s  

T o t a l  mass p e r  u n i t  l e n g t h  
of a  v i b r a t i n g  t u b e  

Mass p e r  u n i t  l e n g t h  o f  t h e  
tube  w a l l s ,  mass p e r  u n i t  
l e n g t h  of t h e  w a t e r  i n  t h e  
t u b e ,  and e q u i v a l e n t  mass 
p e r  u n i t  l e n g t h  of R 

E l a s t i c  modulus o f  t h e  tube  

Base of n a t u r a l  l o g r i t h i m s  

Area moment-of-inertia 

A f u n c t i o n  of x t h a t  d e f i n e s  
t h e  e l a s t i c  curve  f o r  a  
v i b r a t i n g  tube  

Time 

The imaginary o p e r a t o r ,  6 
Angular f requency 

C o e f f i c i e n t s  of terms i n  
t h e  modal shape e q u a t i o n  X. 

F ree  l e n g t h  of a  v i b r a t i n g  
tube  

Mass c o n c e n t r a t e d  a t  t h e  mid- 
p o i n t  of a  v i b r a t i n g  tube 

N (newtons) 

tm ( m e t e r s )  

s  ( seconds)  



D 

a,  jb ,  -a, -jb 

D i f f e r e n t i a l  operator d l d t  

Roots o f  the  a u x i l i a r y  
equation 

C o e f f i c i e n t s  i n  the  t e n s  ion  
equation,  f = a1, and g = bL 

C o e f f i c i e n t  o f  thermal 
expans ion 

Cross s e c t i o n  area based 
on the i n s i d e  diameter o f  
the v i b r a t i n g  tube 

Bending moment i n  the  
v i b r a t i n g  tube 

micrometerslm/ 
per  O C 
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